ABSTRACT. Let k be an integer. A 2-edge connected graph G is said to be goal-minimally k-elongated (k-GME) if for every edge uv ∈ E(G) the inequality d G−uv (x, y) > k holds if and only if {u, v} = {x, y}. In particular, if the integer k is equal to the diameter of graph G, we get the goal-minimally k-diametric (k-GMD) graphs. In this paper we construct some infinite families of GME graphs and explore k-GME and k-GMD properties of cages.
Introduction
For graph-theoretical terminology and notation not defined here we refer to C h a r t r a n d and L e s n i a k [4] . All graphs G considered in this paper are finite, undirected and simple (i.e. without loops and multiple edges). We denote by V (G) and E(G) the vertex set and the edge set, respectively. The number of vertices (edges) of G is often referred to as the order (size) of G. If a graph G is connected, then the distance d G (u, v) between two vertices u and v is defined as the length of a shortest path from u to v (a u−v geodesic). The girth of a 2-edge connected graph G is the length of a shortest cycle in G. The diameter of G is the maximal distance between two vertices.
A
graph G with diam(G) = k is called a minimal graph of diameter k if and only if diam(G − e) > k for every edge e ∈ E(G).
These graphs have been studied by several authors, for example see [1] , [3] and [12] . A graph G is said to be goal-minimal of diameter k or goal-minimally k-diametric (k-GMD for short), if the diameter of G is equal to k, and for every edge uv ∈ E(G) the inequality d G−uv (x, y) > k holds if and only if {u, v} = {x, y}. The goal-minimal graphs with respect to diameter were introduced by K yš in [10] and studied by G l i v i a k and P l e s ní k in [7] and [13] .
In this paper we study a similar class of graphs, so called goal-minimally k-elongated graphs.
A 2-edge-connected graph G is said to be goal-minimally k-elongated (k-GME for short) for some integer k, if for every edge uv ∈ E(G) the inequality d G−uv (x, y) > k holds if and only if {u, v} = {x, y}.
For illustration we give some examples of k-GME graphs.
Example 1. The complete graph K n is a 1-GME graph for every integer n ≥ 3. Example 2. The graph C 3 (a 3-cycle) is a 1-GME graph (see Fig. 1 ), or more generally, the graph C k+2 is a k-GME graph for every k ≥ 3. Thus for all integers k ≥ 3 there exists a k-GME graph.
In the following example we construct an infinite family of (2k − 2)-GME graphs for every k ≥ 3.
Example 3. We take two distinct vertices u and v, and join these two vertices by s ≥ 2 internally-disjoint paths of length k ≥ 3. We obtain a graph G with diameter k and this graph is a (2k − 2)-GME graph, see Fig. 3 .
Given an integer k, it is rather difficult to decide whether a given graph with many edges is k-GME or not. But one can leave this work to a computer. In fact, the large graphs in this paper were examined by a computer. Now we present some basic properties of GME graphs. P r o o f. As G is 2-edge connected, the edge uv lies in a cycle. Let C be a shortest cycle containing uv. First suppose that the length of C is at most k + 1.
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contradiction. Now suppose that the length of C is at least k + 3. Denote by z that neighbour of v on C, which is different from u.
ÓÖÓÐÐ ÖÝ 1º
The girth of a k-GME graph is k + 2. Ì ÓÖ Ñ 2º Let G be a graph with girth k + 2 and let for any two non-adjacent vertices u and v there exist two internally disjoint u−v paths of length not exceeding k. Then G is a k-GME graph.
We can derive a relationship between the integer k and the diameter r of a k-GME graph and show that the class of k-GMD graphs is a subclass of the k-GME graphs.
Ì ÓÖ Ñ 3º Let G be a graph and k be a positive integer. Then the following holds:
(a) It easily follows from the definitions of k-GMD and k-GME graphs.
(b) Let g denote the girth of G and r denote the diameter of G. It is wellknown that g ≤ 2r + 1 (for a proof see [6, Proposition 1.3.2] ). Because G is a k-GME graph, we have g = k + 2. Then (k + 1)/2 ≤ r.
Suppose that k < r. Then there exists a pair of vertices u and v such that d G (u, v) = r > k. Thus for all edges xy ∈ E(G) there holds the inequality d G−xy (u, v) ≥ r > k, which implies {x, y} = {u, v}. That means G has only one edge, yielding a contradiction, because G is 2-edge-connected. Thus r ≤ k.
Example 4. The Petersen graph (see Fig. 4 ) is a 3-GME graph, but not a 3-GMD graph, because its diameter is 2. 
Goal-minimal properties of cages
with the least possible number of vertices. Cages were introduced by T u t t e [16] in 1947.
Based survey on cages ( [17] ), the following results can be stated. The goalminimality was verified by a computer, except of the first three cases.
(1) For every g ≥ 3 the unique (2, g)-cage is the g-cycle C g . It is a (g −2)-GME graph.
(2) For every k ≥ 2 the unique (k, 3)-cage is the complete graph K k+1 and this is a 1-GMD graph.
(3) For every k ≥ 2 the unique (k, 4)-cage is the complete bipartite graph K k,k and this is a 2-GMD graph.
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(4) The unique (3, 5)-cage is the well-known Petersen graph and the unique (7, 5)-cage is the Hoffman-Singleton graph on 50 vertices (see [18] ). Both these cages are 3-GME graphs. • The unique (6, 5)-cage on 40 vertices (see [11] ).
Further terms related to cages are incidence structures. The following definitions are taken from [5] .
An incidence structure is a triple Γ = (P, L , I), where P is a nonempty set of points, L is a nonempty set of lines and I ⊆ (P × L ) ∪ (L × P) is a symmetric incidence relation. In this paper the sets P and L will be finite. The incidence graph of an incidence structure is a graph with the set P ∪ L as a vertex set; two vertices are adjacent if and only if the corresponding elements are incident in I.
Let n ≥ 1 be an integer. A generalized n-gon is an incidence structure Γ = (P, L , I) such that the following three axioms are satisfied: (GP1) Γ contains no ordinary k-gon (as a substructure) for 2 ≤ k < n.
(GP2) Any two elements x, y ∈ Γ are contained in some ordinary n-gon in Γ.
(GP3) There exists an ordinary (n + 1)-gon in Γ.
If each point is incident with 1 + t lines (for some t ≥ 1) and each line is incident with 1 + s points (for some s ≥ 1) then we say that Γ has order (s, t).
A generalized n-gon of order (s, s) is said to have order s.
The following lemma is a graph-theoretic variant of the definition of generalized n-gons.
Ä ÑÑ 1º ([5]) An incidence structure Γ = (P, L , I) is a generalized n-gon if and only if the incidence graph of Γ is a connected graph of diameter n and girth 2n such that each vertex is incident with at least 3 edges.
By a theorem of Feit and Higman [5] we have that a finite generalized n-gon exists only for n ∈ {3, 4, 6, 8}. Now we can formulate our main result.
Ì ÓÖ Ñ 4º Let n ∈ {3, 4, 6, 8}, Γ = (P, L , I) be a generalized n-gon and G be the incidence graph of Γ. Then G is a (2n − 2)-GME graph.
P r o o f. By Lemma 2 we see that the diameter of G is n and the girth of G is 2n. The axiom (GP2) of the definition of a generalized n-gon yields that any two vertices in the incidence graph lie in a 2n-cycle C. Thus, for every Š TEFAN GYÜRKI non-consecutive vertices u and v in C we have two internally disjoint paths of length at most 2n − 2. Further, for consecutive vertices u and v we have d G−uv (u, v) = 2n − 1 > 2n − 2, because G has girth 2n. This means that G is a (2n − 2)-GME graph.
Let k = q + 1, where q is a power of a prime and let n ∈ {3, 4, 6}. We know from [17] that the unique (k, 2n)-cage is the incidence graph of a generalized n-gon of order q. Hence we have:
ÓÖÓÐÐ ÖÝ 2º Let k = q +1, where q is a power of a prime and let n ∈ {3, 4, 6}.
Then the (k, 2n)-cage is a (2n − 2)-GME graph.
We have infinitely many numbers q, which are powers of a prime, therefore we have infinite classes of cages with girth 6, 8 and 12. These cages are regular and have the goal-minimal property. This is captured in the following corollary.
ÓÖÓÐÐ ÖÝ 3º There exists infinitely many regular 4-GME, 6-GME and 10-GME graphs.
For many large values of valency k and girth g the minimal orders of (k, g)-graphs are not known. Several authors present constructions, which give small (k, g)-graphs. For example, E x o o (see [8] ) constructed some (k, g)-graphs using voltage graphs. Many of these graphs are GME or GMD. J ø r g e n s e n (see [9] ) constructed (k, 5)-graphs from relative difference sets. Three of his graphs are 3-GMD. For a survey of cage graphs we refer the reader to the website of R o y l e [15] or to the paper [17] .
We have examined the goal-minimality for the known cages and found out that almost all of them have this property. There are exactly 18 non-isomorphic (3, 9)-cages (see [2] ) and 16 of them are 7-GME, but the remaining two are not. These two exceptions have numbers 1 and 15 in [2] . They disproved our earlier conjecture that all cages are GME graphs, but P l e s ní k [14] formulated another conjecture.
In the Table 1 we summarize the goal-minimality of the known cages and other graphs which are close to cages. For more information about graphs appearing in this table we refer the reader to [15] and [9] . 
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